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a b s t r a c t
This paper presents a new asset allocation model based on the CVaR risk measure and
transaction costs. Institutional investors manage their strategic asset mix over time to
achieve favorable returns subject to various uncertainties, policy and legal constraints, and
other requirements. One may use a multi-period portfolio optimization model in order to
determine an optimal asset mix. Recently, an alternative stochastic programming model
with simulated paths was proposed by Hibiki [N. Hibiki, A hybrid simulation/tree multi-
period stochastic programming model for optimal asset allocation, in: H. Takahashi, (Ed.)
The Japanese Association of Financial Econometrics and Engineering, JAFFE Journal (2001)
89–119 (in Japanese); N. Hibiki A hybrid simulation/tree stochastic optimization model
for dynamic asset allocation, in: B. Scherer (Ed.), Asset and Liability Management Tools:
A Handbook for Best Practice, Risk Books, 2003, pp. 269–294], which was called a hybrid
model. However, the transaction costs weren’t considered in that paper. In this paper, we
improve Hibiki’s model in the following aspects: (1) The risk measure CVaR is introduced
to control the wealth loss risk while maximizing the expected utility; (2) Typical market
imperfections such as short sale constraints, proportional transaction costs are considered
simultaneously. (3) Applying a genetic algorithm to solve the resulting model is discussed
in detail. Numerical results show the suitability and feasibility of our methodology.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Rational investors maximize the expected utility of return from their investment portfolio, or minimize their risk
exposure of return, subject to their required expected return. They must decide on their optimal portfolio in securities
in order to meet their satisfaction. This paper discusses optimal dynamic investment policies for investors who make an
investment decision in each asset category over time. This problem is called ‘‘dynamic asset allocation’’. The choice of an
optimal portfolio of assets has been a major research topic in financial economics. Financial economists have understood at
least since the early work of [1,2] that the solution to a multiperiod portfolio choice problem can be very different from the
solution to a static portfolio choice problem. In particular, [3,4] and others had shown that in general shiftng investment
opportunities could have important effects on optimal portfolios for investorswith longhorizons.Many empirical researches
(see, for example, [5,18]) had shown that expected asset returns seem to vary through time, so that investment opportunities
were not constant.
Asset allocation decisions are critical for investors with diversified portfolios. Institutional investors must manage their
strategic asset mix over time to achieve favorable returns, in the presence of uncertainties and subject to various legal
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constraints, policies, and other requirements. Amulti-period portfolio optimizationmodel can be used in order to determine
an optimal asset mix. The concept of scenarios is typically employed for modeling random parameters in multi-period
stochastic programmingmodels. Scenarios are constructed via a tree structure (see [6,7] for detailed discussions). Themodel
is based on the expansion of the decision space, taking into account a conditional nature of the scenario tree. Conditional
decisions are made at each node, subject to the modeling constraints. To ensure that the constructed representative set
of scenarios covers the set of possibilities to a sufficient degree, the numbers of decision variables and constraints in
the scenario tree may grow exponentially. This model is called a scenario tree model. Recently, an alternative stochastic
programming model using simulated paths was proposed in [8]. Hibiki [9] developed a general formulation for several
investment strategies, and highlighted its characteristics and properties by using some numerical tests. Scenarios are
constructed via a simulated path structure. We can generate sample paths associated with asset returns using a Monte
Carlo simulation method. The advantage of the simulated path structure compared to the tree structure is to give a better
accuracy to describe uncertainties of asset returns. The model not only describes the uncertainties on the simulated path
structure but also makes conditional decisions on the tree structure. Therefore, it is called a ‘‘hybrid’’ model. It can be easily
implemented and efficiently solved using a standard mathematical programming software package. The hybrid model is
developed to overcome the shortcoming of the scenario tree model associated with uncertainties. Hibiki [10] answered the
question that how quantitatively the hybrid model was better than the scenario tree model, which was not shown in the
previous papers [8,9] and compared the two types of multi-period stochastic optimization models, and clarified that the
hybrid model can evaluate and control risk better than the scenario tree model by some numerical tests.
As we know, a consumer who ignores realistic transaction costs, and trades continuously, would end up bankrupt.
Balduzzi and Lynch [11] found that both the losses in utility for behavingmyopically and ignoring asset return predictability
can be substantial, and that ignoring realistic transaction costs imposes significant utility costs that range from 0.8% up
to 16.9% of wealth. Unfortunately, studies that incorporate transaction costs typically assume that the opportunity set is
constant through time. For example, by imposing a constant opportunity set, Constantinides and Schroder [12,13] found
that transaction costs affect the portfolio choice, since the optimal policy was a no-trade region with return to the nearer
boundary (for proportional transaction costs) or inside the boundary (for fixed transaction costs) when rebalancing. On
the other hand, studies that examine the impact of return predictability on portfolio selection usually do not consider
transaction costs. Typical researches of this kind are [14–16]. Most papers in this class described the return predictability
as a vector autoregression (VaR) process. The VaR description only considers time variation in the first moments of asset
returns. But volatility plays an important role in much of the modern finance theory, empirical evidence shows that the
volatilities of most risky assets do not change through time. In practice, to ensure that the investor has enough amount
of wealth at the horizon, it is necessary to control the wealth loss risk so that, with some probability level, the maximum
wealth loss does not exceed some critical value. Therefore, even an economic agent’s primary objective in the standard
financial economics paradigms is the expected utility maximization, we feel that it is worthwhile to directly embed the
risk management objective into a utility maximizing framework, or at least to assume that agents may limit their risks
while maximizing expected utility. For risk management in this context, one possible choice is the Value-at-Risk (VaR)
based risk control, since VaR exactly describes the loss that can occur over a given period, at a given confidence level, due
to exposure to market risk. Unfortunately, recent studies (see [17], for example) showed that VaR was not an acceptable,
correct risk measure because of the following: it did’t measure losses exceeding VaR, VaR was not subadditive, and so on.
Recognizing the shortcomings of VaR to stem from its focus on the probability of a loss, regardless of the magnitude, the
conditional VaR (CVaR), defined as the expected value of the losses exceeding VaR, can be adopted instead. Except for being
a correct, coherent risk measure and overcoming the VaR’s shortcomings, themain advantage of CVaR is that it can be easily
computed and embedded in the portfolio selection problem. Consequently, CVaR could be used to better control the agent’s
wealth loss risk. Zhao and Ziemba [19] proposed a new stochastic control model for dynamic asset allocation problems. The
model maximized the expected terminal wealth while controlling for downside risk. Although the return/risk performance
comparison with VaR as the risk measure showed that the found optimal strategy had superior performance, the proposed
optimization model could be analytically solved only if admissible controls were restricted to the set of all risk-neutral
excess return strategies and the stock prices were lognormally distributed. For general cases, the Monte Carlo simulation or
heuristic method had to be used, which was computational demanding and slow in convergence. Moreover, setting under a
complete market, market frictions such as transaction costs were not considered in Zhao and Ziemba (2000). From above-
mentioned we know that the transaction costs play a crucial role in transaction. But in the existing work [9,10], it didn’t
consider the transaction costs and just gave a heuristic algorithm to solve the Hybrid model, and could not guarantee to
derive the global optimal solutions to the fixed-proportion strategy.
In this paper, we not only use CVaR to control the risk, but also the typical market imperfections such as short sale
constraints, proportional transaction costs are considered, and thus obtain a new stochastic optimization model. In order to
give the difference between the Hybrid model and the model proposed in this paper, we apply the simulated path proposed
in [10]. Also, we give a genetic algorithm to solve the Hybrid model and the new one in this paper. Numerical results show
that our model can evaluate and control risk better than the Hybrid model. The process of how to solve the resulting model
is discussed in detail.
The remainder of the paper is organized as follows: Section 2 presents the concept and formulations of the two kinds of
models, and provides the detailed process of how to construct the newmodel. In Section 3, we propose how to use a genetic
algorithm to solve the two portfolio models and some numerical tests, which are given to verify the effective and efficient of
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our model and the corresponding genetic algorithm. Section 4 provides some concluding remarks and outlines of our future
research.
2. Multi-period stochastic programming models
2.1. Preparation
We invest in n risky assets and cash. The investment is made at time 0 (present), and time T is the planning horizon.
2.1.1. Notations
Somenotations are used only in onemodel, and some are used in the bothmodels.We attach ‘[Hybrid]’ to the explanation
of notations of the Hybridmodel, ‘[New]’ to the newmodel proposed in this paper, and ‘[Both]’ to the bothmodels. Notations
are as follows.
(1) Sets
St [Hybrid] set of fixed-decision nodes at time t(s ∈ St )
V st [Hybrid] set of paths passing any fixed-decision nodes s at time t (i ∈ V st )
(2) Parameters
I [Both] number of simulated paths
ρj0 [Both] price of risky asset j at time 0 (j = 1, . . . , n)
ρ
(i)
jt [Both] price of risky asset j for path i at time t (j = 1, . . . , n; t = 1, . . . , T ; i = 1, . . . , I)
r0 [Both] interest rate in period 1 (the rate at time 0 is used)
r (i)t−1 [Both] interest rate in period t (the rate of path i at time t − 1 is used) (t = 2, . . . , T ; i = 1, . . . , I)
W0 [Both] initial wealth
WG [Both] target terminal wealth
γ [Both] risk aversion coefficient
θ
(i)
bj [New] the transaction costs of buying risk asset j of path i
θ
(i)
sj [New] the transaction cost of selling risky asset j of path i
α [New] the expected confidence level
(3) Decision variables
zj0 [Both] investment unit for asset j and time 0(j = 1, . . . , n)
z(i)jt [Both] base investment unit for asset j, time t , and path i (j = 1, . . . , n; t = 1, . . . , T − 1; i = 1, . . . , I)
v0 [Both] cash at time 0
v
(i)
t [Both] cash of path i at time t (t = 1, . . . , T − 1; i = 1, . . . , I).
q(i) [Hybrid] shortfall below target terminal wealth of path i (i = 1, . . . , I).
The decision variables for risky assets are node-dependent while cash variables are path-dependent for the models.
2.1.2. Objective function
The objective is the maximization of the function which is defined using two kinds of measures: the expected terminal
wealth E[WT ] as returnmeasure; the first-order lower partialmoment LPM1 of terminalwealth as riskmeasure in theHybrid
model and the Conditional Value-at-Risk as risk measure in the model proposed in this paper, respectively.
The lower partial moment is one of downside risk measures, and expresses tail risk of the relevant distribution of wealth
below target.
E[WT ] and LPM1 for the hybrid model are calculated as follows:
[Hybrid] : E[WT ] = 1I
I∑
i=1
W (i)T , LPM1 =
1
I
I∑
i=1
|W (i)T −WG|−
where |a|− = max(−a, 0).W (i)T is terminal wealth of path i in the hybrid model.
Now we give the terminal wealth and the risk measure in our new model.
As pointed out in the last section, to find robust consumption and investment decisions, it is important for the investor to
monitor his wealth loss risk while maximizing the expected utility. This can be achieved by adding an CVaR measure to the
objective function. That is, let f (v(i)T ,W
(i)
1T , . . . ,W
(i)
nT ) be the loss function with respect to (v
(i)
T ,W
(i)
1T , . . . ,W
(i)
nT ), the α− CVaR
can be defined as defined as
φ
(
v
(i)
T ,W
(i)
1T , . . . ,W
(i)
nT
)
= min
ξ (i)∈R
Fα
(
v
(i)
T ,W
(i)
1T , . . . ,W
(i)
nT , ξ
(i)
)
where α ∈ (0, 1) is a pre-specified probability level, ξ (i) is the selected loss tolerance, and
Fα
(
v
(i)
T ,W
(i)
1T , . . . ,W
(i)
nT , ξ
(i)
)
= ξ (i) + (1− α)−1E
[
f
(
v
(i)
T ,W
(i)
1T , . . . ,W
(i)
nT
)
− ξ (i)
]+
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is the auxiliary function. ξ (i) is the auxiliary variable. If f
(
v
(i)
T ,W
(i)
1T , . . . ,W
i
nT
)
is convexwith respect to
(
v
(i)
T ,W
(i)
1T , . . . ,W
i
nT
)
,
and then F
(
v
(i)
T ,W
(i)
1T , . . . ,W
i
nT , ξ
(i)
)
is a convex function of
(
v
(i)
T ,W
(i)
1T , . . . ,W
i
nT , ξ
(i)
)
and φα
(
v
(i)
T ,W
(i)
1T , . . . ,W
i
nT
)
is con-
vex with respect to
(
v
(i)
T ,W
(i)
1T , . . . ,W
i
nT
)
.
Now, we give the objective function of the model proposed in this paper as follows:
[New] : E[WT ] = 1I
I∑
i=1
W (i)T
Risk value = 1I
I∑
i=1
(
ξ (i) + (1− α)−1E
[
f
(
v
(i)
T ,W
(i)
1T , . . . ,W
(i)
nT
)
− ξ (i)
]+)
.
2.2. The hybrid model
2.2.1. Investment strategies with investment unit functions
To help the reader to understand the fixed strategy used in the simulated path approach, we explain how investments
are determined on each simulated path at first.
In Hibiki’s model, the strategy are mainly about two ways: one is fixed-unit strategy and another is fixed-proportional
strategy. The word ‘fixed’ means that the investments must have the same value for all simulated paths passing any node
(bundle). For example, we explain the fixed-unit strategy. For example, at time 1, 40 units are invested for path 1–4 through
the first node, respectively. Similarly, 25 units are invested for path 5-8 through the second node, and 35 units are invested
for path 9-12 through the third node. Investment unit for buy-and-hold strategy is fixed over the period. Specifically, 30
units are invested for all paths and all periods in this example. But we do not call it the fixed strategy. The words ‘fixed
strategy’ is newly defined in the simulated path approach. The detailed content of fixed-unit and simulated paths can be
found in [10].
Only one value such as an investment proportion or unit is the same for all paths through any node under the fixed
strategy. For example, the fixed-proportion strategy requires that investment proportions have the same value, but they do
not have the same unit for all paths passing any node. We formulate the model using the associated decision variables with
the fixed strategy. Moreover, we introduce ‘‘investment unit function’’, h(i)(zsjt), which shows investment unit on the path i,
for the purpose of the general formulation to the fixed strategy. To show that investment units are path-dependent while
decision variables used to describe the investment units are node-dependent, the function is defined as follows:
h(i)(zsjt) = a(i)jt zsjt (1)
where a(i)jt is an investment unit parameter that must be independent on the rate of returns of path i after time t to keep
non-anticipativity condition. The investment unit function can show various investment strategies. We consider two kinds
of investment strategies.
(1) Fixed-unit strategy: h(i)(zsjt) = zsjt
Investment units have the same value for all paths passing any node for risky assets. Cash has the different value for
any path.
(2) Fixed-proportion strategy: h(i)(zsjt) = (W
(i)
t
ρ
(i)
jt
)zsjt
Investment proportions have the same value for all paths passing any node for any asset.
The function of the fixed-unit strategy is linear, while the function of the fixed-proportion strategy is non-convex
becauseW (i)t is a function of decision variables.
2.2.2. Formulation
Based on the above-mentioned, the hybrid model can be formulated as following:
max
1
I
I∑
i=1
W (i)T − γ
(
1
I
I∑
i=1
q(i)
)
(2)
s.t.
n∑
j=1
ρj0zj0 + v0 = W0 (3)
n∑
j=1
ρ
(i)
j1 + (1+ r0)v0 =
n∑
j=1
ρ
(i)
j1 h
(i)(zsj1)+ v(i)1 (s ∈ S1; i ∈ V s1) (4)
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n∑
j=1
ρ
(i)
jt h
(i)(zs
′
j,t−1)+ (1+ r (i)t−1)v(i)t−1 =
n∑
j=1
ρ
(i)
jt h
(i)(zsjt)+ v(i)t (5)
(t = 2, . . . , T − 1; s ∈ St; i ∈ V st )
W (i)T =
n∑
j=1
ρ
(i)
jT h
(i)(zs
′
j,T−1)+ (1+ r (i)T−1)v(i)T−1 (s′ ∈ ST−1; i ∈ V s
′
T−1) (6)
W (i)T + q(i) ≥ WG (i = 1, . . . , I) (7)
zj0 ≥ 0 (j = 1, . . . , n) (8)
zsjt ≥ 0 (j = 1, . . . , n; t = 1, . . . , T − 1; s ∈ St) (9)
v0 ≥ 0; v(i)t ≥ 0 (t = 1, . . . , T − 1; i = 1, . . . , I) (10)
q(i) ≥ 0 (i = 1, . . . , I). (11)
If we select the strategy which has a linear investment unit function such as the fixed-unit strategy, we can formulate it
as a linear programming problem, and then we can solve a large-scale problem easily in practical use.
We have an alternative formulation where investment proportions are used as decision variables. However, the
formulation contains nonlinear constraints. It can be transformed into an equivalent formulation where investment units
are used as decision variables. It leads to equivalent optimal solutions, while the typical formulation with investment units
does not contain non-linear constraints, and hence contains only linear constraints. This is the reason investment units are
used.
2.3. Our new model
From the above discussion we can know that in Hybrid model the transaction costs are not considered. The investment
unit of every asset is divided into two parts, which are fixed unit and fixed proportion. For the fixed unit, the model is
transformed into a linear programming to solve and for the fixed proportion the paper presented a heuristic model to obtain
an approximate solution to the model. In this paper, there is no fixed strategy of the investment for every asset, we just give
many simulated paths for the strategy and want to make the total wealth increase through any period. In this section, we
do some development to the Hybrid model by adding the transaction costs to the model and using the CVaR to control risk.
At the initial time, we give an initial portfolio and through the simulated paths it generates I portfolios. The aim of our
model is to find the optimal portfolio from I portfolios. The process of how to select the optimal portfolio will be presented
in Section 3. Suppose that θ (i)bj and θ
(i)
sj represent the base investment transaction costs of buying the asset jth and selling the
asset jth, respectively. For the period from time t − 1 to time t , the transaction costs can be represented as
n∑
j=1
max
(
θ
(i)
bj |z(i)jt − z∗j,t−1|,−θ (i)sj |z(i)jt − z∗j,t−1|
)
where z∗j,t−1 is the optimal investment unit of asset jth. The transaction costs are charged to the riskless asset, as usually do
in practice. Because it is not allowed to short sell risky assets in most stock markets, we require that
z(i)jt ≥ 0, i = 1, . . . , I, t = 1, . . . , T .
The goal of the investor is to find an optimal sequential investment strategy thatmaximize the expectation of his terminal
wealth and minimize the corresponding risk, that is, maximize the following formula
1
I
I∑
i=1
W (i)T −
γ
I
(
ξ i + (1− α)−1E[f (v(i)T ,W (i)1T , . . . ,(i)nT )− ξ (i)]+
)
whereW (i)T is the terminal wealth through path i. For investment, some investors may like risk and others may hate it, so
we must add the risk aversion coefficient γ to the risk measure.
From the above preparation, the model for the discrete-time portfolio problem with transaction costs and risk control
can now be presented as
max
(
1
I
I∑
i=1
W (i)T −
γ
I
(
ξ (i) + (1− α)−1E
[
f
(
v
(i)
T ,W
(i)
1T , . . . ,W
(i)
nT
)
− ξ (i)
]+))
(12)
s.t.
n∑
j=1
ρj0zj0 + v0 = W0 (13)
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n∑
j=1
ρ
(i)
j1 zj0 + (1+ r0)
(
v0 −
n∑
j=1
max
(
θ
(i)
bj |z(i)j1 − zj0|,−θ (i)sj |z(i)j1 − zj0|
))
≤
n∑
j=1
ρ
(i)
j1 z
(i)
j1 + v(i)1 (i = 1, . . . , I) (14)
n∑
j=1
ρ
(i)
jt z
∗
j,t−1 + (1+ r it−1)
(
v∗t−1 −
n∑
j=1
max
(
θ
(i)
bj |z(i)jt − z∗j,t−1|,−θ (i)sj |z(i)jt − z∗j,t−1|
))
≤
n∑
j=1
ρ
(i)
jt z
(i)
jt + v(i)t (t = 2, . . . , T − 1; i = 1, . . . , I) (15)
W (i)T ≥
n∑
j=1
ρ
(i)
jT z
∗
j,T−1 +
(
1+ r (i)T−1
)(
v∗T−1 −
n∑
j=1
max
(
θ
(i)
bj |z(i)j,T − z∗j,T−1|,−θ (i)sj |z(i)j,T − z(∗)j,T−1|
))
(i = 1, . . . , I) (16)
W (i)T −
(
ξ (i) + (1− α)−1E
[
f
(
v
(i)
T ,W
(i)
1T , . . . ,W
(i)
nT
)
− ξ (i)
]+) ≥ WG
(i = 1, . . . , I) (17)
zj0 ≥ 0 (j = 1, . . . , n) (18)
z(i)jt ≥ 0 (j = 1, . . . , n; t = 1, . . . , T ; i = 1, . . . , I) (19)
v0 ≥ 0; v(i)t ≥ 0 (t = 1, . . . , T − 1; i = 1, . . . , I) (20)
ξ (i) ≥ 0 (i = 1, . . . , I). (21)
The Eq. (13) represents the initial wealth, and (14) and (15) represent the wealth increases from time t to the next time, (16)
represents the condition of the terminal wealth through any simulated paths. The Eq. (17) represents the terminal wealth
through any one simulated paths minus the corresponding risk must exceed the given terminal wealth. And Eqs. (18)–(21)
are nonnegative constraints.
3. Solution procedure and numerical results
The algorithm of themodel and the corresponding solution procedure are presented in this section. Also, some numerical
examples will be given simultaneously. Since problem (12)–(21) usually has infinite number of constraints, it is impossibly
to solve it directly. As commonly used in solving stochastic optimization problems, a finite discrete approximation to
the vector process ρij will be made, the so-called scenario generation in stochastic programs, so that problem (12)–(21)
can be transformed into a deterministic equivalent problem. An approximate solution is found by solving the resulting
deterministic problem. If the approximate solution is not acceptable, the discrete approximation to ρij needs to be improved
and problem (12)–(21) with the improved discretization is resolved until a satisfactory solution is found. Another way to
solve the stochastic optimization problem is a heuristic algorithmproposed in [10]. For fixed-unit investment, the stochastic
programming can be transferred into a linear programming and for fixed-proportional investment, because of the hybrid
model with the fixed-proportional strategy is a large-scale problemwith numerous, nonlinear, and non-convex constraints,
it is difficult to solve the problem in practice use, so Hibiki proposed a heuristic algorithm to solve the resulting stochastic
optimizationmodel but it couldn’t be sure that the optimal solutionwas a global optimal one. The detailed process of solving
the model can be found in [10].
In this paper, we propose a new algorithm to solve the stochastic optimization problem. In our model, the investment
unit is stochastic and non-constrained as fixed-unit or fixed-proportional. As we see, the investment process from one time
to the next just like manifold of the biology group from one generation to the next generation, so we wander whether we
can solve the stochastic optimization model using genetic algorithm. The main steps to accomplish this procedure will be
presented in the following.
When they do investment from time t to time t + 1, the investor gives the strategy at time t through different simulated
paths to get a better portfolio at time t + 1. It can be viewed as transmitting from one generation to the next generation of
the biology group. So we expect to obtain the optimal solution of the model using genetic algorithm.
There are twoways to apply genetic algorithm. First, we can give an asset allocation at the initial time based on the initial
wealth, the resulting asset allocation can generate another I portfolios by aberrance from the initial time to the next time.
Second, we can give two asset allocations at the initial time and these allocations can generate another tow allocations by
chiasma to the next time. In this paper, we use the first way to get the next asset allocation using aberrance.
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There are many simulated paths from one time to the next. In the first, the investor give the strategy in order to get
the asset allocation of the next time. Through different simulated paths the probability of the aberrance is different, in our
model the probability of the aberrance is from 4 − 6. Another, the risk aversion coefficient, the base transaction costs are
also different. In this paper, the risk aversion coefficient is from 1 to 10 and the transaction costs are from 0.001 to 0.002,
respectively.
From time t to time t+1 there are I simulated paths so the investor can obtain corresponding I different asset allocations
at time t + 1. Every asset allocation has its own fit value function
W (i)t+1 − γ
(
ξ (i) + (1− α)−1[f (v(i)t+1,W (i)1,t+1, . . . ,W (i)n,t+1)− ξ (i)]+
)
.
Our aim is to find the maximal fit value and the corresponding asset allocation (vt+1, z1,t+1, . . . , zn,t+1). Next, let (vt+1,
z1,t+1, . . . , zn,t+1) be generating asset allocation and obtain I asset allocations by aberrance at time t + 2, and go on.
Suppose that time T is the expected terminal time, and in time T − 1, the investor decides the invested strategy and
obtain the corresponding I asset allocations at time T . Then we compute the corresponding wealth and the corresponding
risk of every asset allocation. In this paper, the simulated paths can be very large and we compute the corresponding wealth
every 100 simulated paths.
The genetic algorithm of the model proposed in this paper can be presented as follows:
step 1: Initialization. Based on the initial wealthW0, we give the corresponding initial portfolio (v0, zj0, . . . , zn0) which
subjects to
∑n
j=1 ρj0zj0 + v0 = W0, j = 1, . . . , n.
step 2: Coding. In this paper, we apply real number coding. Let the initial portfolio (v0, zj0, . . . , zn0) be the coding.
step 3: Aberrance. Given the initial generation and the way of generating, that is the initial asset allocation and the
aberrance probability which is from 4% to 6%. I simulated paths and I asset allocations are generated.
step 4: Selection. For the I asset allocations, select those which subject to
∑n
j=1 ρ
(i)
j1 zj0 + (1 + r0)(v0 −
∑n
j=1max(θ
(i)
bj |
z(i)j1 −zj0|,−θ (i)sj |z(i)j1 −zj0|)) ≤
∑n
j=1 ρ
(i)
j1 z
(i)
j1 +v(i)1 . Based on the fit value function of every generated asset allocation, compute
the maximal fit value and find the corresponding asset allocation. Let the resulting asset allocation as generating one and
go to step 2. In every generation, that is from time t − 1 to time t , the selected generated asset allocation must subject to∑n
j=1 ρ
(i)
jt z
∗
j,t−1 + (1+ r (i)t−1)
(
v∗t−1 −
∑n
j=1max(θ
(i)
bj |z(i)jt − z∗j,t−1|,−θ (i)sj |z(i)jt − z∗j,t−1|)
)
≤∑nj=1 ρ(i)jt z(i)jt + v(i)t .
step 5. Stop. At time T , which is given in advance, we obtain I asset allocations and select those subject to
W (i)T ≥
∑n
j=1 ρ
(i)
jT z
∗
j,T−1 + (1 + r (i)T−1)
(
v∗T−1 −
∑n
j=1max(θ
(i)
bj |z(i)j,T − z∗j,T−1|,−θ (i)sj |z(i)j,T − z∗j,T−1|)
)
and the condition W (i)T −(
ξ (i) + (1− α)−1[f (v(i)T ,W (i)1T , . . . ,W (i)nT )− ξ (i)]+
)
≥ WG, then we can compute the whole wealth and corresponding risk
value.
In the existing paper, the main difficulty of computing the stochastic optimization model is the dimension problem. The
dimension of the model including the transactions costs may be very large and it is almost impossible to compute. Another,
for brevity in computing, the number of simulated paths are always small. In this paper, we overcome these difficulties, that
is to say, the optimal solution to the stochastic optimization model including transaction costs and large simulated paths
can be very easily obtained using genetic algorithm given in the above.
Now, wewill show that themodel and the algorithm proposed in this paper is effective and efficient. We select 108 risky
assets from stock exchange of China stochastically and apply historical price of these stocks.
First, based on the initial wealth and stocks’ prices at time 0, we can obtain a corresponding asset allocation subject to
the condition given in the model. The prices and investment units of each stock are presented in Table 1. Then, based on
the resulting asset allocation, we can obtain I asset allocations through I simulated paths through aberrance. Then we select
one which subject to the conditions in the model, that is the one whose fit function value is maximal. The prices at the time
1 and the resulting asset allocation are represented in Table 2. The wealth of the resulting portfolio is 1.2193× 106. We can
easily see that the wealth is increasing. Next, we can get another portfolio by the same way which is represented in Table 3
and the corresponding wealth is 1.2503 × 106. From these, we can know that through simulated paths we can get many
asset allocations and obtain the one that is superior to the generated asset allocation. These results show that using genetic
algorithm given in the above to solve the multi-period stochastic optimization model is efficient.
In the tables, the 1, 4, 7 and 10 columns represent the stocks and 2, 5, 8 and 11 represent the prices of each stock and 3,
6, 9 and 12 represent the investment unit of each stock, respectively.
Second, at time T , we can obtain some asset allocations which are subject to the given conditions through simulated
paths using genetic algorithm. Then, we compute the whole wealth at time T . From every 100 simulated paths we can get a
corresponding terminal wealth. Transfer the simulated paths’ coefficients and we can get another 100 simulated paths and
the corresponding terminal wealth. Keeping on these, we get 49 different terminal wealth values which are presented in
Table 4. Because the numerical results are all obtained using MATLAB and we can only get approximate value. From these
values,we can see that terminalwealth can be very different through different simulated paths. So,we can select appropriate
simulated paths to obtain better terminal wealth.
Third, we compute the efficient frontier of the Hybrid model and our new model, which is shown in Fig. 1. From Fig. 1,
we can see that the efficient frontier of the model proposed in this paper dominates that of Hybrid model.
X.-L. Zhang, K.-C. Zhang / Journal of Computational and Applied Mathematics 231 (2009) 114–123 121
Table 1
The prices and investment units of stocks in time 0.
1 21.91 69.9 28 25.85 576.0 55 24.77 689.8 82 8.92 1882.2
2 22.51 742.2 29 16.48 502.4 56 25.11 267.2 83 9.33 325.9
3 15.09 104.9 30 17.08 050.8 57 16.9 465.7 84 11.4 1096.3
4 14.29 715.6 31 16.39 676.8 58 33.13 409.1 85 9.42 716.4
5 36.84 116.2 32 20.24 505.0 59 21.98 199.2 86 8.38 1886.5
6 22.3 778.5 33 23.01 585.2 60 17.36 1054.5 87 19.12 085.5
7 32.92 150.0 34 12.89 221.6 61 30.76 432.6 88 10.51 099.2
8 22.23 101.8 35 17.13 820.6 62 35.09 177.9 89 18.76 010.4
9 26.04 459.6 36 12.57 935.8 63 36.92 435.6 90 11.5 108.1
10 23.6 612.6 37 23.74 209.4 64 32.58 193.9 91 19.77 201.4
11 15.72 329.3 38 19.66 780.2 65 25.5 209.5 92 22.29 570.0
12 28.9 310.4 39 17.1 379.3 66 25.7 687.1 93 12.65 1289.2
13 11.55 547.3 40 18.87 626.1 67 27.43 115.7 94 27.31 638.9
14 47.18 201.0 41 13.87 118.0 68 38.91 111.7 95 15.1 028.1
15 14.28 1057.9 42 21.15 166.2 69 51.01 063.7 96 22.24 449.1
16 31.44 48.6 43 28.04 522.5 70 33.9 372.0 97 42.18 419.8
17 27.9 691.4 44 17.22 1027.6 71 32.37 409.4 98 13.15 887.2
18 60.63 066.4 45 16.14 1205.3 72 8.96 213.2 99 14.64 008.9
19 19.48 924.8 46 13.36 730.6 73 22.79 073.2 100 24.44 465.2
20 19.58 728.1 47 13.97 1269.2 74 15.02 815.6 101 12.6 427.1
21 39.42 380.8 48 13.54 704.9 75 14.43 1224.3 102 16.51 429.3
22 15.09 424.8 49 27.03 600.1 76 19.11 806.2 103 74.57 176.0
23 32.38 360.7 50 21.01 009.3 77 29.55 231.2 104 18.61 228.7
24 25.7 665.0 51 38.24 503.7 78 36.41 017.0 105 25.64 750.2
25 28.49 033.3 52 14.03 1158.1 79 41.89 293.3 106 31.04 072.1
26 23.84 627.1 53 23.06 096.6 80 13.76 131.1 107 23.65 573.2
27 22.32 489.6 54 19.8 273.9 81 36.97 452.3 108 37.35 325.7
Table 2
The prices and investment units of stocks in time 1.
1 21.81 073.6 28 23.36 606.9 55 23.95 726.8 82 8.92 1983.2
2 22.21 782.0 29 16.22 529.3 56 24.64 281.5 83 8.71 343.4
3 14.38 110.5 30 16.49 053.5 57 16.2 490.7 84 10.81 1155.1
4 13.95 754.0 31 16.1 713.1 58 33.06 431.0 85 9.38 754.8
5 36.84 122.4 32 20.08 532.1 59 21.61 209.9 86 7.96 1987.7
6 22.21 820.3 33 22.82 616.6 60 16.94 1111.1 87 18.73 090.1
7 29.48 158.0 34 12.66 233.5 61 30 455.8 88 10 104.5
8 20.67 107.3 35 15.98 864.6 62 32.88 187.4 89 17.98 011.0
9 25.92 484.3 36 12.27 986.0 63 36.92 459.0 90 11.36 113.9
10 22.99 645.5 37 23.55 220.6 64 28.82 204.3 91 19.04 212.2
11 15.55 347.0 38 18.79 822.0 65 24.55 220.7 92 21.8 600.6
12 28.25 327.0 39 16.32 399.6 66 24.9 724.0 93 12.29 1358.3
13 11.3 576.7 40 18.31 659.7 67 25.2 121.9 94 26.78 673.2
14 44.34 211.8 41 13.84 124.3 68 37.96 117.7 95 14.42 029.6
15 14.09 1114.6 42 20.27 175.1 69 48.69 067.1 96 20.23 473.2
16 30.17 051.2 43 27.36 550.5 70 33.9 392.0 97 39.74 442.3
17 27.85 728.5 44 16.69 10827 71 32.05 431.4 98 12.87 934.8
18 56.57 070.0 45 15.99 1269.9 72 8.89 224.6 99 14.15 009.4
19 19.48 974.4 46 13.36 769.8 73 22.42 077.1 100 24.31 490.2
20 18.67 767.2 47 13.66 1337.3 74 14.27 859.3 101 12.6 450.0
21 37.96 401.2 48 13.44 742.7 75 13.34 1290.0 102 16.49 452.3
22 15.09 447.6 49 21.3 632.3 76 12.66 849.4 103 74.19 185.4
23 32.38 380.0 50 20.91 009.8 77 28.89 243.6 104 18.18 241.0
24 24.92 700.7 51 35.96 530.7 78 36.1 017.9 105 25.64 790.4
25 27.15 035.1 52 13.78 1220.2 79 40.52 309.0 106 29.1 076.0
26 22.68 660.7 53 22.08 101.8 80 13.54 138.1 107 22.84 603.9
27 21.99 515.9 54 19.61 288.6 81 36.68 476.6 108 36.98 343.2
4. Concluding remarks
General multi-period investment problems with proportional transaction costs and wealth loss risk control and how
to solve the corresponding model are investigated in this paper. Unlike the existing literature, we solve the stochastic
optimization programming using the genetic algorithm. The paper makes contributions at the methodological level. As the
numerical results in the last section demonstrate, our modelling and solution approach are quite flexible, it can be applied
to a variety of realistically complex investment problems such as those with different constraints, and many risky assets
with complex dynamic structure of returns.
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Table 3
The prices and investment units of stocks in time 2.
1 21.44 77.437 28 20.6 638.54 55 23.25 764.69 82 8.79 2086.6
2 22.09 822.76 29 16.09 556.89 56 24.19 296.17 83 8.19 361.30
3 14 116.26 30 16.49 56.289 57 16.08 516.28 84 10.55 1215.3
4 13.75 793.30 31 15.95 750.27 58 33.06 453.47 85 9.12 794.14
5 36.84 128.78 32 19.07 559.84 59 21.61 220.84 86 7.94 2091.3
6 22.13 863.06 33 22.48 648.74 60 15.34 1169.0 87 18.32 94.797
7 25.93 166.24 34 12.4 245.67 61 29.14 479.56 88 9.61 109.95
8 20.38 112.89 35 15.93 909.67 62 32.78 197.17 89 17.65 11.573
9 25.68 509.54 36 12.03 1037.4 63 36.92 482.93 90 11.2 119.82
10 22.41 679.15 37 23.45 232.10 64 27.4 214.95 91 18.68 223.26
11 15.15 365.09 38 18.71 864.85 65 24.48 232.20 92 19.2 631.91
12 27.67 344.05 39 16.31 420.43 66 23.07 761.74 93 12.22 1429.1
13 11.17 606.76 40 17.74 694.09 67 25.12 128.25 94 25.74 708.30
14 42.26 222.84 41 13.44 130.78 68 37.7 123.84 95 14.3 31.143
15 13.94 1172.7 42 20.2 184.23 69 47.83 70.598 96 19.41 497.87
16 26.77 53.869 43 26.88 579.20 70 32.74 412.43 97 39.28 465.36
17 27.72 766.47 44 16.69 11391 71 27.99 453.89 98 11.98 983.53
18 50.88 73.649 45 15.65 1336.1 72 8.8 236.31 99 13.77 9.89
19 19.41 1025.2 46 13.14 809.93 73 22.3 81.119 100 23.54 515.75
20 18.66 807.19 47 13.45 1407.0 74 14.23 904.09 101 12.6 473.46
21 35.38 422.11 48 13.28 781.41 75 13.18 1357.2 102 16.24 475.88
22 14.87 470.93 49 21.05 665.26 76 12.46 893.68 103 73.46 195.06
23 32.38 399.81 50 20.4 10.311 77 28.85 256.30 104 17.95 253.56
24 23.01 737.22 51 35.22 558.36 78 34.62 18.833 105 25.1 831.60
25 25.08 36.930 52 13.38 1283.8 79 34.85 325.11 106 29.03 79.962
26 22.26 695.14 53 21.5 107.11 80 13.42 145.30 107 19.95 635.38
27 21.76 542.80 54 19.36 303.64 81 36.68 501.44 108 31.11 361.09
Table 4
The terminal wealth through different simulated paths.
1.34× 106 1.34× 106 1.35× 106 1.36× 106 1.35× 106 1.34× 106 1.35× 106
1.34× 106 1.35× 106 1.21× 106 1.35× 106 1.22× 106 1.35× 106 1.34× 106
1.35× 106 1.21× 106 1.22× 106 1.34× 106 1.22× 106 1.22× 106 1.36× 106
1.21× 106 1.35× 106 1.21× 106 1.34× 106 1.22× 106 1.35× 106 1.35× 106
1.23× 106 1.35× 106 1.22× 106 1.35× 106 1.22× 106 1.36× 106 1.34× 106
1.21× 106 1.35× 106 1.21× 106 1.21× 106 1.21× 106 1.23× 106 1.35× 106
1.21× 106 1.21× 106 1.23× 106 1.21× 106 1.35× 106 1.21× 106 1.22× 106
Fig. 1. The efficient frontier of the two models.
In this paper, we regard the investment process from one time to the next as themultiply of the genetic group. Of course,
there are many ways of the multiply so the simulated paths from one time to the next can be vary large and each simulated
paths presents one way of multiply. In this paper, we give one initial asset allocation at time 0 and let it aberrance and
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obtain many asset allocation at time 1. Then we select the optimal asset allocation and go on the investment. In the existing
literature, the number of the simulated paths and the periods of investment are usually very small, while in this paper, they
could be very large and we can obtain the optimal solution rapidly.
Numerically, we can further examine the influence of difference risk aversion coefficient on the optimal investment
decision. In this paper, we use the historical prices of each stock and also we can use the GARCH model to formulate the
prices of each stock and forecast the future prices and the investment units. This typically includes different orders of the
GARCH model, different confident intervals and different loss tolerances for the risk control. Comprehensive investigation
of this kind can guide the investor to select proper values for model parameters when the proposed solution technique is
applied to solve real investment problems.
Depending on practical situations and the investor’s main concerns, on one hand, other types of constraints, financial
risks and corresponding risk measures can also be investigated by utilizing this paper’s modeling technique. On the other
hand, new approaches for solving the generated stochastic programming problem would also be an interesting topic for
future research. Such as, we can pose new intelligent optimization algorithms to solve the model proposed in this paper.
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